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The quantum Zeno eect (QZE) predicts a slow-down of the time de-
velopment of a system under rapidly repeated ideal measurements, and
experimentally this was tested for an ensemble of atoms using short laser
pulses for non-selective state measurements. Here we consider such pulses
for selective measurements on a single system. Each probe pulse will cause
a burst of uorescence or no uorescence. If the probe pulses were strictly
ideal measurements, the QZE would predict periods of uorescence bursts
alternating with periods of no uorescence (light and dark periods) which
would become longer and longer with increasing frequency of the measure-
ments. The non-ideal character of the measurements is taken into account
by incorporating the laser pulses in the interaction, and this is used to
determine the corrections to the ideal case. In the limit, when the time
t between the laser pulses goes to zero, no freezing occurs but instead we
show convergence to the familiar macroscopic light and dark periods of the
continuously driven Dehmelt system. An experiment of this type should
be feasible for a single atom or ion in a trap.
PACS numbers 03.65.Bz; 42.50.-p; 32.90.+a
1. Introduction
The eect of an instantaneous measurement on a quantum mechanical system
is usually described by the projection postulate of von Neumann and Luders
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ac-
cording to which, depending on the outcome of a measurement, the wave-function
of the system is projected onto the respective eigenspaces of the observable un-






The projection postulate as currently used has been formulated by Luders [1]. For observ-
ables with degenerate eigenvalues his formulation diers from that of von Neumann [2]. It has
been pointed out to us by A. Sudbury (private communication) that in the rst edition of his
book Dirac [3] denes observations which cause minimal disturbance and which correspond to
Luder's prescription; in later editions, however, this passage has been omitted.
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under an ideal measurement; a more general approach to measurements is taken
in [4]. Using this concept and some fairly general technical assumptions Misra
and Sudarshan [5] have investigated how a system is aected by rapidly repeated
ideal measurements at times t apart. They found a slow-down of the system's
time development and, in the limit t! 0, a freezing of the state. This is called
the quantum Zeno eect (QZE). The basic reason for this is the fact that for
short enough times transition probabilities grow only quadratically with time,
not linearly.
To test this eect, Itano et al. [6] performed an experiment with an ensemble of
5000 ions in a trap (see Fig. 1 for the relevant level structure, a V conguration).
The time development was given by a so-called  pulse of length T

, tuned to the
1 - 2 transition frequency. A  pulse, here an rf pulse, transforms the initial state
j1i into j2i at the end of the pulse, if no measurements are performed. Following
a proposal of Cook [7] the population of the lower level was measured { non-
selectively and without actually recording the results { in rapid succession
through the uorescence induced by very short pulses of a strong probe laser
which couple level 1 with an auxiliary third level. The population at time T

was
then measured by a nal pulse and recorded. The experimental results were in
good agreement with the predictions of the QZE.
The QZE and this experiment have not only aroused considerable interest in
the literature [8, 9], but the very relevance of the above experimental results for
the QZE has given rise to controversies. In particular the projection postulate and
its applicability in this experiment have been cast into doubt, and it was pointed
out that the experiment could be understood without recourse to the QZE by
simply including the probe laser in the dynamics, e.g. in the Bloch equations or
in the Hamiltonian [9]. Since the Bloch equations describe the density matrix of
the complete ensemble, including the probe pulse as an interaction in them gives,
however, no direct insight on how such a pulse acts on a single system.
In previous papers [10, 11, 12] we have therefore investigated in how far a short
laser pulse realizes a selective measurement, i.e. on single systems, to which the
projection postulate can be applied. By means of the quantum jump approach (or
Monte Carlo wave functions or quantum trajectories) [13] and including the probe
laser in the dynamics we showed analytically that for a wide range of parameters
such a short laser pulse acts indeed as an eective level measurement to which
the usual projection postulate applies with high accuracy. The corrections to
the ideal reductions and their accumulation over n pulses were calculated. Our
conclusion was that the projection postulate is an excellent pragmatic tool for
a quick and intuitive understanding of the slow-down of the time evolution in
experiments of this type and that it gives a good physical insight. But it is
only approximate, and a more detailed analysis has to take the corrections into
account.
The experiment of Ref. [6] deals with the eect of repeated non-selective
measurements on an ensemble of systems and with the associated slow-down in
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the time evolution of the density matrix of the total ensemble. It suggests itself
to perform a similar experiment with a single atom (or ion) in a trap, though
not only for the duration of a  pulse of the weak driving eld but instead for
an arbitrary long time. This might be regarded as an analog of the idealized
situation of rapidly repeated measurements on a single system. As studied in
Refs. [5, 7], in the idealized situation the outcome of the measurements will form
a stochastic sequence, in this case a sequence of states j1i and j2i. The periods
containing only j1i's and j2i's will become increasingly long when the time t
between the ideal measurements decreases, and in the limit t ! 0 one would
have a single innite sequence of j1i's or j2i's, i.e. freezing. With short pulses of
a probe laser, considered as measurements, one would therefore expect periods of
uorescence bursts (light periods, corresponding to periods of j1i's) alternating
with periods of no uorescence (dark periods, corresponding to periods of j2i's).
Decreasing the time t between the probe pulses should, in this picture, make
the light and dark periods longer.
The aim of this paper is to analyze how far this intuitive picture of the be-
havior of a single system is correct and to provide an understanding why the
projection postulate also works so well in this case. After a brief review of the
ideal case we use our previous results to calculate in Section III the mean duration




, and compare them to the simple ex-
pression obtained by the projection postulate. Our analysis will make it perfectly
clear why the projection postulate gives such excellent results for a wide range
of parameters. If the time t between the probe pulses becomes too small, how-
ever, then the above simple picture breaks down. In Section IV we will explicitly





remain nite. Indeed, we show convergence to the same expressions as for the
famous light and dark periods of the continuously driven Dehmelt system, which
are also known under the name of `electron shelving' [14]. In the last section we
discuss our results.
2. Brief review of ideal case
If one performs rapidly repeated ideal measurements of an observable A with
discrete eigenvalues on a single system at times t apart then the projection
postulate predicts that one will nd the same value of A in a row for some
time, then another value for some time, and so on. The length of these time
intervals is stochastic, and their lengths increase when t decreases. For an
observable A with non-degenerate discrete eigenvalues this can be seen as follows.
For simplicity we make a domain assumption further below. For the general
treatment see Ref. [5].
Let jai be a state vector and IP
a









, ideal measurements of IP
a
are performed, whose
results are 1 or 0, with the system afterwards in jai or the subspace orthogonal to
3
jai, respectively. This is equivalent to asking whether the result of a measurement
is jai or perpendicular to jai, and we denote the outcome a and ? instead of 1




. Let U(t; t
0
) be the time-development operator for
the system. If, for initial state jai, one has found a in n successive measurements,





















)j i ; (1)



























































)j i ; (3)
which in general is no longer proportional to a xed vector, and the probability




















)! 1  jhaj ij
2
for t! 0 we assume






























) denotes terms which go to 0 faster than t
2
. The expression
hajHHjai is to be interpreted as jjHjaijj
2
. Eq. (4) just states the well-known
fact that under the above assumptions the transition probability from jai to an
orthogonal state goes as t
2
for small t [16]. From Eqs. (2) and (4) one now

























With n = t=t the rst and second factor in Eq. (5) go to 1 for t! 0, and the
last to jhaj ij
2
.








for t! 0. If IP
?
were a one- or nite-dimensional projector this would follow as
before, but in the general case another argument is needed. With U
t
 U(t; 0)












































































































































The sum is bounded by (n  1)t
2
 const + (n  1)  o(t
2
), and for t! 0 this
vanishes, as does the last term on the r.h.s. For H = H(t) time-dependent, the
same argument goes through with minor modications.
For jai in the domain of H and initial state j i, this simple argument shows
that for rapidly repeated ideal measurement of IP
a
= jaihaj the results freeze, for




j i with the complementary
probability. In particular, if j i = jai, one stays in jai for t! 0.
Mean length of periods. For a single system one has as results of the measure-
ment alternating random sequences of a's and ?'s ( not a) of the form
:::?aa:::a??::?a::: (9)
The length of an a sequence is dened as t  number of a's. Similarly for ?.
We assume that jai is not an eigenvector of H, since otherwise all measurements
would give the same result, either all a or all not a (?). The initial state for an





U(t; 0)jai=k  k (10)
except at the beginning when it is j i.
Starting with an a the probability to have exactly n a's in a row, n  1, but






































































































The second term in the brackets becomes negligible for small t, and T
a
diverges
for t! 0. If jai is in the domain ofH
2





where the latter denotes terms of order at least t
n+1
.
To obtain an explicit expression for T
?
we assume for simplicity that the
























































; 0; j 
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We note that if jai is an eigenvector of H then the denominators in Eqs. (14) and
(18) vanish.
Example. We consider a single system with two stable levels 1 and 2. The
system is driven in resonance by a classical electromagnetic wave, e.g. in the radio-
frequency (rf) range. In the interaction picture and with the usual rotating-wave












, the so-called Rabi frequency, is proportional to the amplitude of the



















)fj1ih2j+ j2ih1jg : (20)













For small t this is quadratic in t. If one now determines by repeated ideal mea-
surements, at times t apart, whether one nds the system in state j1i or j2i
one obtains a random sequence of the form
:::21:::12:::21::: (22)




of the subsequences of 1's and 2's is




























holds quite generally for a two-level system, as easily seen
from Eq. (14).
3. Realistic case: Light and dark periods
We now consider a single three-level V system as in Fig. 1 and assume the
1 2 transition to be driven in resonance by classical electromagnetic (rf) radiation
with Rabi frequency 

2
and Hamiltonian as in Eq. (19).
We suppose that repeated measurements of level 1 are performed. Following
Refs. [7, 6] we assume that each measurement consists of a short laser (probe)
pulse driving the 1-3 transition. When resonance uorescence occurs then after
the last photon emission at the end of a probe pulse the system is in j1i, and
when no resonance uorescence occurs then the system was taken by Refs. [7, 6]
to be in j2i.
Experimentally one will then expect the following striking phenomenon. One
will see periods of uorescence bursts alternating with dark periods, as in Fig. 2.
The mean duration of these light and dark periods should be given by T
1;2
of






















These periods should become longer and longer with decreasing time t between
the probe pulses.
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In how far the above probe pulses do indeed lead to measurements of levels 1
and 2 and to state reduction has recently been discussed by us in Refs. [10, 11, 12]
by means of the quantum jump approach [13]. As regards reduction, it was shown
that at the end of a probe pulse and a short transitory time the state of the system
is given either by a density matrix extremely close, but not identical to j1ih1j if
the system has emitted photons, or by a density matrix very close to j2ih2j if
no photons were emitted. After the last photon emission during a probe pulse
the system is indeed in its ground state, but then it may acquire a small j2i
component until the end of the probe pulse; its j3i component will decay during
a short transitory time after the pulse. When no photons are emitted the nite
duration of the probe pulse is responsible for a small j1i component. Hence
there will be small deviations from ideal measurements, which will lead to small
corrections to the above results.














































 1 : (26)










one can directly employ the results of Ref. [11]. The rst of these conditions
ensures that the j3i component has vanished before the next pulse, the second
that there are only two possible atomic states at the end of a pulse. In case of

























































































For arbitrary initial density matrix  the probability for no photon emission



























Now let p be the (conditional) probability to have no uorescence during a
pulse under the condition that there had been uorescence during the preceding
8
pulse. By q we denote the probability to have no uorescence during a pulse
under the condition that there had been no uorescence during the preceding
pulse. In short, p and q are transition probabilities,
p : yes! no ; q : no! no : (31)
These are the same probabilities as for the transitions from ~
>
P











c  cos 
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q = 1  p+O() (36)
and that q 6= 1  p to rst order in .
The probability for a period of exactly n consecutive probe pulses with uo-
rescence among all such light periods is (1   p)
n 1
p. The mean duration T
L
of


































but no longer equality.
For the parameters of Ref. [6] the dierence is very small.



















If the duration 
p
of the probe pulse is much smaller than the time t between
the pulses this agrees extremely well with the result for ideal measurements ob-
tained by the projection postulate in Eqs. (23) and (24) above.
It is not possible to take the limit t ! 0 in Eq. (40) since for the above
derivation to be valid t has to satisfy t A
 1
3
. This limit will be studied in




do not grow indenitely.
4. The limit of vanishing distance between probe pulses: t! 0
To perform the limit t ! 0 some extra steps are needed. For small t
the population of level 3 does not vanish completely before the beginning of the
next probe pulse. Therefore, in case of uorescence, one has no longer a good
reduction to j1ih1j and the pulse cannot be regarded as aecting a measurement
of levels 1 and 2. In this case the treatment of the last section has to be made
more precise by incorporating the possibly only partial decay of level 3.
Right at the end of a probe pulse { without transient decay time { the system



















































































































in case of uorescence, except possibly for the rst pulse of a light period. If the
second condition in Eq. (27) is not satised by t then the state at the beginning
of the rst pulse in a light period is very close to 
0
, and therefore the state ~
>
after the rst pulse has to be calculated with initial state of the form 
0
+O().
For such a state, however, one has 1  P
0
= O(), by Eq. (30), and then O(
2
)
is replaced by O() in Eq. (42) for small t. Thus, if the second condition in
Eq. (27) does not hold the rst pulse in a light period has, in principle, to be
treated dierently from the rest.
The transition probabilities from Eq. (31) are now denoted by ~p and ~q and
are given by





























with p and q as in Eqs. (33) and (34) and t arbitrary. However, for the rst






































































































































First of all, the limits are nite, as physically expected. Furthermore, in
the limit t ! 0 both driving elds are continuously on and in this case the
existence of macroscopic light and dark periods is well known under the name
`electron shelving' [14]. The mean duration of these periods has been calculated
[19] and the result is the same as in Eq. (49). Thus the continuously driven case
is recovered in the limit t! 0.
5. Conclusion
When applied to an ensemble of systems the QZE predicts a slow-down in
the time-development of the density matrix (t) under repeated ideal measure-
ments. An experiment to test this was performed by Itano et al. [6] in which
repeated state measurements were carried out on a system with two stable levels
j1i and j2i. The measurements were implemented by short laser pulses driving
the transition from the ground state j1i to an auxiliary rapidly decaying level j3i.
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Occurrence or absence of uorescence means a system is in j1i or j2i, respectively.
The experimental results indeed showed a slow-down of the time-development of
(t) in good agreement with the QZE. Subsequently it was pointed out [9] that
this behavior could be understood without recourse to any measurement theory.
Indeed, one can simply consider the probe laser as part of the dynamics and in-
corporate it in the Hamiltonian or in the Bloch equations for (t), never speaking
of measurements. Using the quantum jump approach [13] (or quantum trajecto-
ries) it is possible to understand why the dynamics is so well described by notion
of measurements and by the projection postulate [10, 11].
Instead of an ensemble of atoms we have considered a single three-level V
system, with the same weak eld driving the j1i   j2i transition and laser pulses
driving the j1i  j3i transition as before. Taking the measurement point of view,
the projection postulate gives a quick and intuitive understanding what to ex-
pect, namely a stochastic sequence of uorescence bursts (light periods) and dark
periods, as in Fig. 2. Their durations should increase with decreasing distance
between the laser pulses.
Taking the dynamical point of view, Bloch equations are not so convenient,
but the quantum jump approach is particularly well adapted to single systems.
Using this approach we have shown in this paper why, and for which parameter
values, the simple projection postulate prescription gives so highly accurate re-
sults. We have not only calculated corrections to the projection-postulate result,
but we have also shown that if the time t between the laser pulses becomes too
short then the projection postulate can no longer be applied. The quantum jump
approach, however, can also handle the limit t ! 0 and yields convergence to
the well known light and dark periods of the continuously driven system [14, 19].
These dark periods are also called electron shelving since during this time the
system is predominantly in j2i. For an ensemble of many atoms dierent light
and dark periods will overlap, and as a result only a lower intensity of uorescence
will be seen.
If the duration of a probe pulse becomes too short the measurement picture
is also not applicable, but the quantum jump approach still is. In this case a
numerical simulation is easiest.
In summary, we have demonstrated the usefulness of the projection postu-
late for the stochastic behavior of a single system. Our dynamical analysis also
clearly shows that the projection postulate is an idealization, sometimes even an
over-idealization, and that in a more precise treatment corrections arise. Exper-
imentally, it should be possible to check our results for a single ion or atom in a
trap.
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are the Rabi frequencies of the rf eld and the probe laser,
respectively.
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Fig. 2. Stochastic alternating light and dark periods. The lines mark times






length of a  pulse.
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